In this letter we show that the soft behaviour of photons and graviton amplitudes, after projection, can be determined to infinite order in soft expansion via ordinary on-shell gauge invariance. In particular, as one of the particle's momenta becomes soft, gauge invariance relates the non-singular diagrams of an n-point amplitude to that of the singular ones up to possible homogeneous terms. We demonstrate that with a particular projection of the soft-limit, the homogeneous terms do not contribute, and one arrives at an infinite soft theorem. This reproduces the result recently derived from the Ward identity of large gauge transformations. We also discuss the modification of these soft theorems due to the presence of higher-dimensional operators.
I. INTRODUCTION
It has long been known that on-shell gauge invariance can be utilized to obtain universal soft behaviours of scattering amplitudes for photons and gravitons. Gauge invariance dictates that the amplitude must vanish when one of its polarization vector/tensor is replaced by the momenta. Taking one of the momenta of an n-point amplitude (M n ) to be soft, the gauge invariance of the soft leg then relates the finite part of the amplitude to the singular diagrams, which is given by the product of a threepoint vertex and the n−1-point amplitude. The latter is then amenable to the form of a "soft operator" acting upon the n−1-point amplitude. Thus one schematically have:
where q is the soft momenta, and S i are the soft operators with its subscript indicating to which degree in the q expansion is it defined. For photons a = 0, while for gravitons a = 1 [1] [2] [3] [4] . The reason why the soft theorem always terminate at a finite order is because when using gauge invariance, one can only determine the finite part of the amplitude up to a homogeneous solution, denoted as R µ , satisfying q · R = 0 for which one has no control. From general principle of locality and Lorentz symmetry, one can only determine the minimum order in q must this term contain, which sets a.
A few years ago, Strominger and collaborators [5, 6] demonstrated that the soft-theorems for gravitons can alternatively be interpreted as a consequence of extended Bondi, van der Burg, Metzner and Sachs (BMS) symmetry [7, 8] . This generated new interest in soft-theorems of amplitudes and its relationship with underlying symmetry. As the new interpretation only relies on the structure of space-time at asymptotic infinity, it can be viewed * b02202003@ntu.edu.tw † hunghwalin@gmail.com ‡ e24019025@gmail.com as a direct constraint on any theory of quantum gravity which admits asymptotic flat solutions. However, given that the resulting soft theorems can be derived via ordinary gauge symmetry, it is natural to ask, in the context of amplitudes, what precisely does the new interpretation buy us? This is especially intruiguing given that the soft theorems are modified at loop-level [11, 12] as well as higher-dimensional operators [13, 14] , which are tied to the details of the interaction. Recently, an interesting opportunity presented itself in the form of an infinite order soft-theorem derived from the Ward identity of large gauge transformations 1 by Hamada and Shiu [16] . An interesting feature of the newly derived soft-theorem is that it only gives the softlimit of the projected piece of the amplitude. For example for photons one has:
where M µ n is the amplitude with one of the polarisation vector ǫ µ stripped off and Ω µα1···α l is a symmetric tensor.
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In this letter, we will show that the above can again be derived by ordinary on-shell gauge invariance. Recall that the derivation based on gauge symmetry yields soft theorems at finite order due to the potential ambiguities, i.e. the aforementioned R
µ . We will demonstrate that such terms vanish upon the projection. In other words, the infinite order soft-theorem derived in [16] is precisely the part of the amplitude that are completely determined by ordinary gauge symmetry. We will demonstrate this for photon and gravitons. Furthermore, we will use explicit examples to demonstrate that while R µ can be projected out, it is nonetheless not zero. Finally, for completeness we will discuss the modification of this infinite soft theorem by the presence of higher dimensional operators.
II. SOFT THEOREM FROM WARD IDENTITY
We follow [9, 10] to investigate infinite order soft limits of photon and graviton amplitude using ordinary on-shell gauge invariance. Beyond the usual (sub)subleading soft theorems, they could only be fixed up to a homogeneous term. However, if restrict our attention certain projected pieces of the amplitude, such term does not contribute, and soft theorems can be obtained up to infinite order. For photons, we reproduce the result from large gauge transformations [16] . For gravitons, our result is more general, in that it gives the soft limit of a broader piece of the amplitude. That is, the soft theorems here left fewer undetermined pieces than the result in [16] .
A. Photon Soft Theorem
Consider a scattering amplitude
involving one soft photon, n hard photons, and m matter scalars, with momenta q, k 1 , · · · k n , and p 1 , · · · , p m , respectively. Since the amplitude is a linear function in polarization vectors, it can be expressed as
where ǫ q is the polarization vector for the soft photon. In the following we discuss the partial amplitude M µ n+m+1
without the polarization vector. The scattering amplitude contains contribution with a pole in the soft momentum q and those with no pole, as in Fig.1 , 
where e i are the charges of scalars, N µ denotes the terms without pole, and M n+m denotes the lower point amplitude without the soft photon. The pole terms can only arise from the three point vertex involving the soft photon and an external scalar, since there are no self interaction for photons. At leading order, there is no contribution from N µ , giving the leading soft theorem
Beyond this order, N µ must be considered. On-shell gauge invariance relates N µ to the lower-point amplitude M n+m by dictating
At zeroth order, the constraint gives charge conservation,
Beyond zeroth order, we may expand N µ as
since it is polynomial in q at tree level. Then, order by order we have
so that N µ l can be expressed in terms of M n+m up to a homogeneous term R l ,
where R l satisfies Ward identity by itself
posing as an ambiguous term. Generally, R l can be separated into three pieces,
where T is the trace part,
O is the symmetric traceless part satisfying
and A contains the remaining terms, which are antisymmetric in any two indices among µ and α's. Since any arbitrary A or T automatically satisfy Eq. (12), the symmetric traceless part O must satisfy Eq. (12) by itself. It is then straightforward to show that O must vanish 3 . The trace part T can also be discarded, since the contribution of R l to N µ is in the form of
so that T either produces terms with q 2 = 0 for massless q, or q µ which vanishes after putting back the polarization vector of the soft photon, as in Eq. (4). Therefore, only the antisymmetric part need to be considered, giving us
Plugging this into the expression for full amplitude Eq. (5), we get an incomplete soft theorem for all orders up to the antisymmetric homogeneous term A,
where
The case l = 0 contains no homogeneous term, giving us the well-known subleading soft theorem. At higher order A can be non-zero, but we may single out the piece totally symmetric in α i and µ by contracting with a totally symmetric tensor Ω µα1···α l . A is then removed, giving a partial soft term up to all order in q,
where we adopt short-hand notation ∂ αj = ∂/∂q αj and q · ∂ i = q · ∂/∂p i . These are exactly the infinite order soft theorems in [16] .
B. Graviton
The derivation for soft theorems of gravitons is similar, except that Ward identity can be applied twice, pushing the usual soft theorem to subsubleading order, and placing more stringent constraint on the homogeneous terms at higher order.
In principle, we should consider a general amplitude involving one soft graviton, n hard gravitons, and m matter scalars,
with momenta q, k 1 , · · · k n , and p 1 , · · · , p m , respectively. The pole contribution could then come from both the scalar-graviton vertex and the three-point self-interaction of gravitons. Though the derivation procedure is unchanged, this complicates the calculation of soft factors. For clarity, we separately consider two cases: one involving only a single graviton, and one involving multiple gravitons without scalars. The most general soft theorem can be obtained simply by combining the result of the two. We first discuss the amplitude involving a single soft graviton and m scalars, with momenta q and p 1 , · · · , p m , respectively,
The scattering amplitude again contains contribution with and without a pole in the soft momentum q,
with N µν denoting the terms without pole and M n the lower point amplitude without the soft graviton. Expanding in the power of soft momentum q, only the pole diagrams contribute to the leading piece
However, the higher order pieces contain both pole and gut diagrams, and, by Ward identity, parts of gut diagrams relate to the pole ones.
Expanding N µν around q → 0,
we similarly obtain N l up to a homogeneous term R l ,
Again, R l can be separated into three pieces,
and A is all terms which is antisymmetric in any two indices among µ and α's. For identical reasons as the case for photons, only A survive. Thus, we can rewrite our amplitude in the l'th order as
For l = 0, we get
but for l > 0, we need to impose the gauge invariance condition again,
Thus, we get
For similar reasons, C also contains only trace and antisymmetric part in any two indices among ν and α's. Define L µν as an antisymmetric tensor in µ and ν, we can write
4 Here we have used q 2 = 0 and drop out terms proportional to q µ , which would not contribute to the gauge invariance amplitude.
so the amplitude becomes
For l = 1, we do not have the D terms, so we now get the sub-sub-leading graviton soft theorem
However, for l > 1, there are D terms not given by Ward identity,
Therefore, we can obtain, for example, either pieces symmetric in µ and α i , or those symmetric in ν and α i ,
where Ω ρα1···α l is a totally symmetric tensor. The soft theorems from large gauge transformations [16] , however, only considers a more restrictive piece,
5 The terms proportional to q ν or η µν are dropped out in gauge invariance amplitude. where Ω µ(να1···α l ) is totally symmetric in ν, α 1 , · · · , α l , and traceless in all the indices 7 . This follows from our result, but does not represent the most general derivable soft theorems.
To consider an amplitude involving n + 1 gravitons,
we only have to replace the three-point vertex with the graviton self-interaction. The remaining steps are exactly the same. Taking one graviton soft,
where V is the graviton self-interaction vertex
and M n is the amplitude involving the remaining n gravitons. Again expand N in q and apply Ward identity, we can obtain, for q 0 order 8 , the subleading soft theorem,
As for the l'th order where l ≥ 1, the expansion of Eq. (23) is
Applying Ward identity as before, the soft theorem is
7 see footnote 2 in the introduction. 8 The terms antisymmetric in µ and ν are dropped. 
In particular, the sub-sub-leading piece is
without ambiguity. For l > 1, we again have partially fixed soft theorem up to infinite order.
III. EXAMPLE OF HOMOGENEOUS TERMS
Here we show the anti-symmetric piece of N µ,α1···α l l that was projected out is in fact non-zero, which means that the projected soft-theorem is indeed a "partial soft theorem". We use an explicit scalar QED five-point amplitude to demonstrate. The diagrams that contribute to N comes from the soft photon coupled to an internal leg as shown in the figure. The contribution from Fig. 2(a) is
where p = p 1 + p 2 , and (2 ↔ 3, 1 ↔ 4) means we have to sum over (2,3) and (1,4) exchange.
Then we perform derivative on N µ , then antisymmetrize the (µ, α 1 ) index
The anti-symmetric part A µα1 is not zero. The contribution from Fig. 2(b) is
However, this term doesn't contribute to the N µ,α1 1 since it doesn't involve q. After considering the Fig. 2(a) and Fig. 2(b) , we have shown the anti-symmetric part of N µ,α1 1 is non-zero, but at the end we drop this term to obtain the partial soft theorem.
IV. EFFECT OF HIGHER DIMENSIONAL OPERATORS
Now we consider the soft photon theorem in the effective field theory [14] , where the sub-leading (q 0 ) soft photon theorem will be modified in the presence of the effective operator. The effective operator starts to contribute at q 0 order and continues to affect higher order ones, so we will explicitly show its modification to the infinite order soft theorem.
Here is the modification for sub-leading soft photon theorem,
where the tilde on the n-point amplitudes indicates that the particle type of the kth leg of M n+m may differ from that in M n+m+1 . We choose a specific effective operator, ϕF µν F µν (ϕ is a real scalar field), to show its explicit form of modification. When one of external leg is taken soft, the internal ϕ propagator goes on-shell and the amplitude factorizes as shown in the Fig. 3 .
FIG. 3
Its contribution is
with g the coupling constant for the three-point vertex.
We have shown the effective operator starts making contribution at sub-leading (q 0 ) order, and we now discuss how it modifies the infinite soft theorem. Again we separate the pole diagrams and the no pole ones, then see how Ward identity gives constraints at each q order.
The first term in Eq. (56) is the original pole diagram from photon and matter field coupling, the second one is the pole diagram from effective operator, and the third one are no pole diagrams. We find that the pole diagram from effective operator doesn't constrain the no pole diagram since itself is gauge invariant. So Eq. (57) is basically the same as Eq. (7). The effective operators doesn't constrain the form of N , but it still modifies the infinite soft theorem to be
V. CONCLUSION AND DISCUSSION
In this letter, we demonstrate how on-shell gauge invariance can fix higher order soft limit of photons and gravitons up to an undetermined homogeneous term R µ . This leads to infinite order soft theorems on certain projected pieces of amplitude, to which the homogeneous term does not contribute. We explicitly worked out the appropriate projection to obtain such pieces, and showed that the infinite order soft theorems derived from large gauge transformations can be completely reproduced here. For the case of gravitons, the theorems derived here are actually more complete, leaving fewer undetermined pieces in the amplitude.
We use explicit examples to demonstrate that the homogeneous term in R µ can be projected out but can be non-zero, which means we indeed drop some to obtain the infinite order soft theorem. Finally, we consider the effect of adding higher dimensional operator, which starts to modify photon soft theorem at sub-leading order. Moreover, its modification to the infinite order soft theorem can also be obtained.
The fact that the soft-theorems derived from residual gauge symmetries, so far can all be reproduced by ordinary on-shell gauge symmetry, leaves us asking what is the relevance of this new symmetry on a physical observable like the S-matrix. A pessimist may say that the evidence so far is that there are no relevance beyond that implied by ordinary gauge symmetry, which in a sense is not surprising given that one projects the correlation function to obtain the S-matrix and thus certain information might be projected out. Alternatively, one might say that the symmetry is in fact telling us that we are using the wrong asymptotic states for the S-matrix and thus ignorant to its features.
We choose single particle states for the S-matrix due to it being irreducible representations of the Poincare group. This statement makes no distinction between massless and massive kinematics. However, for massless kinematics, it is well known that single particle states are ill-defined, as there are no quantum numbers available for us to differentiate colinear multi-particle states, and manifest itself in the IR divergence of massless scattering amplitudes. Thus perhaps the infinite residual gauge symmetry is telling us that the correct asymptotic state for massless kinematics should form representation of this infinte group. Indeed recent analysis along this line for QED has demonstrated that this indeed appears to be the case [17] , albeit a similar analysis for gravity is still lacking. It will be interesting to understand this in full generality and illustrate how modifications of the threepoint interaction via higher dimension operators changes the conclusion.
Besides single soft theorems discussed here, one may apply the method in [18] to consider double soft theorems, which involve two, instead of one, soft gauge bosons. It would be interesting to see whether such theorems can be similarly pushed to infinite order by considering a projected piece of the amplitude.
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